By using an explicit representation for the horizontal lift of the Brownian motion on the Poincaré upper half-plane H 2 , we show an expression for the heat kernel for the de Rham-Kodaira Laplacian on H 2 . We apply the result to a study on the Selberg trace formula.
Introduction
The aim of this article is two folds: firstly to present explicit representations for the Brownian motion on the Poincaré upper half-plane H 2 and its horizontal lift to the bundle of orthonormal frames O(H 2 ), and secondly to apply the representations to a study on the Selberg trace formulae on a compact Riemannian surface, which may be given in the form Γ \ H 2 for a hyperbolic discrete subgroup of the isometry group PSL(2, R).
For the Brownian motion, that is, the diffusion process generated by a half of the LaplaceBeltrami operator, on any-dimensional hyperbolic space, an explicit representation as Wiener functional is known (see, e.g., [7, 10, 12] ). In the two-dimensional case, we present some representation for the horizontal lift to O(H 2 ) by introducing an auxiliary diffusion process. Our method E-mail address: matsu@is.nagoya-u.ac.jp. is only applicable to this important special case at present, and the results might be closely related to those on the Selberg super trace formula on the super Poincaré upper half-plane studied mainly by using Feynman path integral (see Grosche [6] and the references cited therein).
We apply stochastic analysis to study the heat kernels and the Selberg trace formula for the de Rham-Kodaira Laplacian Γ acting on differential 1-forms on a compact Riemann surface Γ \ H 2 , as Ikeda and the author [10] did for the Maass (generalized) Laplacians. In fact, by an identity between the trace of the heat kernel for the de Rham-Kodaira Laplacian and the heat kernel for the Maass Laplacian with a special parameter, we will show that the set of the eigenvalues of Γ coincides with that of a special Maass Laplacian as a set and that all of them have even multiplicities. This result is of independent interest. For example, the evaluation of the determinant of Γ can be obtained directly from the results by D'Hoker, Phong [2] and Sarnak [17] .
By using probabilistic representations for the heat kernels, we prove the Selberg trace formula in a geometric way and in the spirit of McKean [14] . More general trace formulae for the Laplacians acting on differential forms on the real hyperbolic spaces have been shown in Fried [5] by harmonic analysis. For application of harmonic analysis to heat kernels on the hyperbolic spaces, see Pedon [15, 16] .
This article is organized as follows. In the next section we recall some results in [10] on the Brownian motion in H 2 and on the heat kernels for the Maass Laplacians. In Section 3 we present an explicit representation for the horizontal lift and for the heat kernel for the Laplacian acting on differential 1-forms on H 2 . In Section 4 we present the Selberg trace formulae for the heat kernels and, in Section 5, a proof of the trace formula for Γ is given.
Hyperbolic Brownian motion
Let H 2 = {(x, y); x ∈ R, y > 0} be the upper half-plane with the Poincaré metric ds 2 = y −2 (dx 2 + dy 2 ). We identify H 2 with a subset in the complex plane. Then PSL(2, R) = SL(2, R)/ ± I , I being the identity element, acts on H 2 by the linear fractional transform
and forms the isometry group on H 2 . The Laplace-Beltrami operator is given by
and the Brownian motion on H 2 , the diffusion process generated by /2, can be obtained by solving the stochastic differential equation
on the two-dimensional Wiener space (W (2) , B (2) , P (2) ): W (2) is the space of all R 2 -valued continuous functions w (2) (2) is the topological σ -field on W (2) , and P (2) is the Wiener measure.
Denoting by {Z z (s, w (2) ) = (X z (s, w (2) ), Y z (s, w (2) )), s 0} the unique solution to (2.1) satisfying the initial condition (X(0), Y (0)) = (x, y) = z, we have the following expression for {Z z (s, w (2) )} as a Wiener functional:
For k ∈ R, we consider the Schrödinger operator H k with a uniform magnetic field on H 2 defined by
The magnetic vector potential is the differential 1-form α = ky −1 dx. Since the corresponding magnetic field is dα = ky −2 dx ∧ dy, the constant k times the volume form, we call it uniform.
Essentially the same operator
is called the Maass Laplacian, which is considered in many references in harmonic analysis. We work on H k since it is easier to treat in the framework of stochastic analysis. We let q k (t, z, z ), t > 0, z, z ∈ H 2 , be the heat kernel of the semigroup exp(−tH k ) with respect to the volume element dm(z) = y −2 dx dy, that is, the fundamental solution to the equation
Then we have
dP (2) , (2.3) whereδ z is the Dirac δ-function concentrated at z with respect to the volume element and I k (t, w (2) ) is the stochastic line integral of the differential 1-form α = ky −1 dx along the path of {Z z (s, w (2) )} 0 s t , (2) )
• dX z s, w (2) .
By the expression (2.2) for {Z z (s, w (2) )}, it is easy to see
The integral on the right-hand side of (2.3) is the generalized expectation in the sense of Watanabe [19] , that is, the coupling of the smooth Wiener functional exp(− √ −1 I k (t, w (2) )) in the sense of Malliavin calculus and the generalized Wiener functionalδ z (Z z (t, w (2) )), which is a composition of the smooth Wiener functional Z z (t, w (2) ) and the distributionδ z . For details, see [11, 19] . Throughout this article, we use such notation.
From the representation (2.2) for {Z z (t, w (2) )}, we see that the conditional distribution of (X z (t, w (2) ), w 1 t ) for a fixed t > 0 given {w 2 s } 0 s t or {Y z (s, w (2) )} 0 s t is a two-dimensional Gaussian distribution. In Proposition 3.2, we will show the same assertion by another approach. Hence, taking the conditional expectation, we obtain a simpler expression for the heat kernel q k (t, z, z ) given by a generalized expectation on the one-dimensional Wiener space. We omit it since the result is shown in [10] and we do not need it in the following.
In the context of harmonic analysis, Fay [3] has given an explicit expression for q k (t, z, z ). We show the following another expression, which has been obtained in [1] in the framework of stochastic analysis. To present the Selberg trace formula, we need the evaluation for q k (t, z, z) .
It is known that q k (t, z, z ) is written in the form
where g (k) t is a positive function on [0, ∞), d(z, z ) is the hyperbolic distance between z, z , and, for w = |w| exp(
Proposition 2.1. For any t > 0, the function g (k)
t on the right-hand side of (2.5) is given by
The third equality of the second assertion follows from the Plancherel identity and a residue calculus. See also [10] .
Horizontal Brownian motion
We also write (x 1 , x 2 ) for z = (x, y) ∈ H 2 and fix this rectangular coordinate. Then the components of the metric tensor g are given by
Moreover, letting k ij be the components of the Riemannian connection, we easily see that the non-zero components are
where y = x 2 , and that the others are identically zero. To avoid unnecessary confusion, we do not use the notation (x 1 , x 2 ) in the following.
To consider the horizontal lift of the Brownian motion on H 2 , we let O(H 2 ) be the bundle of orthonormal frames on H 2 ,
. For details, see [11] . The horizontal lift {r(t) = (Z(t), (e i α (t))), t 0} of the Brownian motion on H 2 or the horizontal Brownian motion on O(H 2 ) can be given by the unique solution to the stochastic differential equation
defined on the two-dimensional Wiener space. In the rectangular coordinates, (3.1) is rewritten as
2) where Z(t) = (X(t), Y (t)).
{r(t)} is the diffusion process which corresponds to a half of the horizontal Laplacian of
→ H 2 be the natural projection, {π(r(t))} gives rise to the Brownian motion on H 2 .
It is convenient to write down the stochastic differential equation (3.2) in the Itô type. By using the explicit expression for k ij , we obtain after straightforward computations: 
To give an expression for the solution in the case where e 1 1 (0) = e 2 2 (0), we let {ϕ(t)} be the solution for the following stochastic differential equation:
with the initial condition given by e 1
Note that the law of {ϕ(t)} is that of the one-dimensional Brownian motion. 
(t) = Y (t) sin ϕ(t).
We can prove the proposition by straightforward computations with Itô's formula and we omit the proof.
It should be noted that
dX(t) = Y (t) dϕ(t).
Hence, comparing with the stochastic differential equation (2.1), we obtain the following useful result.
Proposition 3.2.
(i) The stochastic processes {ϕ(t)} and {Y (t)} are independent.
(ii) The conditional distribution of (X(t), ϕ(t)) given {Y (t)} is the normal distribution with mean (x, 0) and covariance matrix 
a(Y ) t a(Y ) t t , where A(Y ) t and a(Y ) t are defined by
A(Y ) t = t 0 Y (
De Rham-Kodaira's Laplacian
By using the expression for the horizontal lift of the Brownian motion on H 2 mentioned in the previous section, we study the fundamental solution to the heat equation for the de RhamKodaira Laplacian acting on the differential 1-forms on H 2 . We will show that the heat kernel and its trace as a linear transform are written by means of the heat kernel q 1 (t, z, z ) given in Section 2. Note that the special case of k = 1 is necessary.
Let d and δ denote the exterior derivative and its adjoint operator, respectively. Then de RhamKodaira's Laplacian is defined by
We consider the heat equation for differential 1-forms
We also consider the Laplace-Beltrami operator acting on 1-forms, which is defined through the covariant derivative with respect to the Riemannian connection. Then the general theory (the Weitzenböck formula) says that there is a system of functions R j i such that, for a
under obvious notation, that is, − is a zeroth order operator. Furthermore, since the hyperbolic plane has a constant negative curvature −1, an easy computation shows that R j i = δ ij . Hence we have
Moreover, following the general theory and computing the scalarizations of the Ricci tensors, we see that to solve the heat equation (4.1) it is equivalent to find an O(2)-equivalent system of functions
where O(H 2 ) is the horizontal Laplacian of Bochner. The O(2)-equivalence means that
is the inverse of a. For details about the heat equations for differential forms, we refer to [11] .
Remark 4.1. For a differential 1-form α on the n-dimensional real hyperbolic space H n , we have
The heat equation for de Rham-Kodaira Laplacian on H n is equivalent to
where the system of functions
By virtue of (4.2), we have a simple representation for the heat kernel, which plays an important role in the following sections.
For
be the dual basis of e and define a mapr : whereδ z is the Dirac δ-function with respect to the volume element y −2 dx dy and {r(t, r, w)} is the stochastic moving frame, that is, the solution of (3.1) or (3.
Then the fundamental solution (heat kernel) e(t, z, z )
∈ Hom(T * z (H 2 ), T * z (H 2 )) of
2) and Z(t, r, w) = π(r(t, r, w)).
We recall that the right-hand side of (4.3) is independent of the choice of the frame e over z. Hence we may and do choose e such that e i j = yδ i j . the dual basis of
Proposition 4.2. The representation matrix of e(t, z, z ) with respect to the basis
Re(q 1 (t, z, z )) Im(q 1 (t, z, z )) −Im (q 1 (t, z, z ) ) Re (q 1 (t, z, z ) ) ,
where q k (t, z, z ) is the heat kernel of exp(−tH k ) given by (2.5) and (2.6) and we have set k = 1.
Proof. By Proposition 3.1, we obtaiñ r(t, r, w)
Moreover, since we have chosen e i j = yδ i j , we get r r(t, r, w)
Inserting this into (4.3) and comparing with (2.3), we obtain the assertion by virtue of Proposition 3.2. 2
The following corollary, which will be used in our proof of the Selberg trace formula, is an easy consequence of the proposition above. SL(2, R) . Then, for any t > 0, tr e(t, z, γ a z) γ
where the trace "tr" is taken as a linear transform on T * z (H 2 ).
Selberg trace formulae
By Proposition 4.3, we see that the Selberg trace formulae for the de Rham-Kodaira Laplacian and H 1 should be of essentially the same form. We present in this section two Selberg trace formulae on a compact quotient space of H 2 and compare them. One of the results below (Theorem 5.1) is well known, but we give it for the completeness of this article and for the convenience of the reader.
Let Γ be a discrete subgroup of the isometry group PSL(2, R) = SL(2, R)/ ± I of H 2 . We assume that Γ consists of hyperbolic elements which are conjugate with the magnification γ a = a 0 0 1/a , a > 1, and, hence, that the quotient space M = Γ \ H 2 is a compact smooth Riemannian surface with constant curvature −1 and genus 2.
To realize H k as a self-adjoint operator on M, we need to consider the multiplier system and the automorphic forms with respect to Γ .
For μ, ν ∈ SL(2, R), we set
where −π < arg(z) π . w(μ, ν) takes the value in {0, ±2π} and is independent of z. For k ∈ R we set
and call it a factor system of weight 2k. Letting Γ be the subgroup of SL(2, R) which covers Γ under the canonical projection SL(2, R) → PSL(2, R), we call a function χ k , if exists, a multiplier system of weight 2k with respect to Γ if it satisfies
It is known that, when Γ is hyperbolic, the multiplier system with respect to Γ exists if and only if k is a rational number of the form
The equality comes from the Gauss-Bonnet theorem and this condition is called the Dirac quantization condition in [6] . We will assume (5.1) in the following.
We proceed to an explanation of the automorphic forms and the self-adjoint realization of
where, letting −π < arg(z) π as above, z k = |z| k exp( √ −1 k arg(z)). A function f on H 2 is called an automorphic form of weight 2k with respect to Γ if
holds for every μ ∈ Γ and z ∈ H 2 . We let H Γ k be the space of all measurable automorphic forms of weight 2k with respect to Γ which are square integrable on a fundamental domain of Γ with respect to the volume element and set
Then it is known that H k is essentially self-adjoint on D Γ k and has a unique self-adjoint realization H Γ k on H Γ k . Moreover, the semigroup exp(−tH Γ k ) generated by H Γ k is of trace class and the spectrum of H Γ k consists only of eigenvalues with finite multiplicities, which we denote by {λ
· · · . For details on the automorphic forms, we refer to [4, 8, 9] .
In order to present the Selberg trace formula for H Γ k , we need some more notation. For γ ∈ Γ , we put
An element of Γ is called primitive if it cannot be expressed as a power of another element. The primitive element γ corresponds to a prime periodic geodesic on the compact Riemann surface M and (γ ) is its length. We denote by Γ 0 the subset of Γ consisting of all primitive elements in Γ which are inconjugate each other.
Then the following trace formula is well known. See Hejhal [8, 9] among others and also Selberg [18] . 
1). Then it holds that
Tr exp −tH
for any t > 0, where g (k) t (0) is the function given in Section 2.
Next we consider the de Rham-Kodaira Laplacian Γ on M = Γ \ H 2 .
Theorem 5.2.
be the eigenvalues of − Γ . Then, for any t > 0, it holds that
where H Γ k is the self-adjoint operator considered in Theorem 5.1 and we have set k = 1. 
Proof of Theorem 5.2
We give a proof along the strategy of McKean [14] . At first we recall that for every σ ∈ Γ there exist n ∈ N, μ ∈ Γ and γ ∈ Γ 0 such that = tr e t, z, γ n z γ −n * , which is independent of μ. Therefore, setting For γ ∈ Γ 0 , we take a = a(γ ) > 1 and τ ∈ PSL(2, R) such that
Then F γ is a fundamental domain of Γ γ and τ F γ is that of the cyclic group {γ n a } ∞ n=−∞ . Hence, we may and do choose F γ so that τ F γ = F (a) ≡ z = (x, y); 1 y < a 2 .
Then, using (6.2) again, we obtain In the proof of Theorem 5.1 (see [8] [9] [10] ), it is shown that, for any k ∈ R, Combining this identity with (6.1), we obtain the assertion of the theorem. 2
